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ABSTRACT 

This  paper  specially  exhibits  about  the  time  delay  and 
mean  square  stochastic  differential  equations  in 
impetuous  stabilization  is  analyzed.  By  projecting  a 
delay  differential  inequality  and  using  the  stochastic 
analysis  technique,  a  few  present  stage  for  mean 
square  exponential  stabilization  are  survived.  It  is 
express  that  an  unstable  stochastic  delay  system  can 
be  achieved  some  stability  by  impetuous.  This 
example  is  also  argued  to  derived  the  efficiency  of  the 
obtained  results. 
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1.  INTRODUCTION 

Impetuous  control  and  stability  has  been  extensively 
the  variety  of  areas  has  found  many  application  to  be 
studied  over  the  past  centuries,  such  as  orbital  transfer 
of  satellite  [11],  ecosystems  management  [12,13], 
dosage  supply  in  pharmacokinetics  [14],  and  stability 
and  synchronization  in  chaotic  secure  communication 
systems  and  other  chaotic  systems  [15,16].  At  present, 
many  significant  results  for  the  impetuous  control  and 
stabilization  of  delay  differential  systems. 

Systematically,  the  input  states  of  systems  not  only 
get  the  disturbance  of  delay  phenomena,  but  also  get 
the  disturbance  of  mean  square  stochastic  phenomena 
in  many  practical  problems.  In  current  years,  the 
stability  investigation  of  impetuous  stochastic  delay 
differential  systems  is  catching  to  many  authors,  and  a 
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large  number  of  stability  criteria  of  these  systems 
have  been  reported  [1-6].  However,  these  criteria  are 
all  needed  so  that  the  corresponding  mean  square 
stochastic  delay  differential  systems  without 
impetuous  must  be  stable  itself,  which  implies  that  the 
impetuous  are  only  to  inhibit  the  stability  of  mean 
square  stochastic  delay  differential  systems. 
Although,  it  is  known  that  ther  is  no  general  rule  for 
guiding  how  a  proper  Lyapunov  functional  can  be 
constructed  for  a  given  model.  Therefore,  it  is  very 
impetuous  to  projecting  a  new  approach  to  studying 
the  impetuous  stabilization  of  mean  square  stochastic 
functional  differential  equations  without  resorting  to 
the  Lyapunov  functional. 

Without  motivation  from  the  above  discussions,  our 
main  aim  in  this  paper  is  to  the  study  the  time  delay 
and  mean  square  stochastic  differential  equations  in 
impetuous  stabilization.  By  projecting  a  delay 
differential  inequality  and  using  the  stochastic 
analysis  technique,  some  sufficient  conditions  for 
mean  square  exponential  stability  are  obtained. 

2.  Model  and  Preliminaries 

In  this  paper,  unless  otherwise  specified,  we  adopt  the 
standard  notation  used  previously  by  Yang  [8],  Let  E 
denote  the  n-dimensional  unit  matrix,  1. 1  denote  the 
Euclidean  norm, 

Af  =  (1,2,  ...,n},N  =  {1,2, ... }, R+  =  [0, qo), R°  = 

(0,  go),  for  A  €  Rnxn,Amax(A)and  Amin(A)  are 
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largest  and  smallest  singular  values  of  A,  respectively. 

\\A\\=JI^WA). 

B[X,Y]  denotes  the  space  of  continuous  mappings 
from  the  topological  space  Y.  In  particular,  let 
B  =  B[[—t,  0],  Rn],  where  r  >  0: 

PB[]J,  Rn]  =  Rn  | 

\|/(s)is  continuous  for  all  but  at  most 
countable  ponit  s  6  j  and  at  these  points  e 
JI,\|/(s+)and\|/(s-)  exist  and  i|/(s)  =  i|/(s+)}, 

Where  j  c  R  is  an  interval,  \|/(s+)and\|/(s_)  denot  the 
right-hand  and  left-hand  limits  of  function  \|/(s)  at 
time  s,  respectively.  In  particular,  let  PB  A 
PB\[—t,  0],Rn]: 

[h(s):  R  R+  | 

h(s)is  integral  and  satisfies  supt>to  f^_Th(s)ds  = 

H  <  oo,  and  lim^oo  h(s)ds  = 

co,  where  H  is  a  positive  constant}. 

For  ip  6  B|J,  Rn]  or  (p  6  PB  [J,  Rn],  we 
define [<p(t)]T  =  ([<pi(t)]T,  ...,[(pn{t)] t)t, 

[(pi(t)]T  =  sup_T<s<0 {(pi(t  +  s)},  i  G  K,  And 
D+(p(t)  denotes  the  upper  right-hand  derivative  of 
<p(t)  at  time  t. 

Let  (Q,  {&t}t>0,  P )  be  a  complete  probability  space 
with  a  filtration  satisfying  the  usual 

conditions  (  i.e.,  it  is  right  continuous  and  .Y0 

contains  all  p-null  sets  ).  Let 
P5|o[[-r,0],Rn](P5|t[[-r,0],Rn])  denote  the 
family  of  all  bounded  .Y 3  (.Y [)-me  asur  ab  1  e, 
PB [[— r,  0],Rn] -valued  random  variable  (p,  satisfying 
||0||^2  =  sup_T<e<0  IE|0(0)|2  <  00,  where  IE  denotes 
the  expectation  of  stochastic  process.  Let  iP  denote  the 
well-known  ^-operator  given  by  the  Ito  formula. 

In  this  paper,  we  consider  the  following  Ito  impetuous 
stochastic  delay  systems: 

r  dx(t)  =  [i4(t)x(t)  +  f  (t,x(t  —  f(t)))]  dt  + 

<  a  (t, x(t),  x(t  —  r (0))  dw(t ),  t  ^  tk,t  >  t0, 

Ax  =  x(tf)  -  x(tfc)  =  4x(tfc), 
lx(t0  +  s)  =  0(s),s  G  [  T,  0], 

(1) 

Where  the  initial  function 

00)  =  (0iO 0nO))T  e  P5|t[[-r,0],Rn]. 


,0< 

fixed  impetuous 
t1  <  t2  <  ■■■  and 
tk  =  00.  /:  R+  x  ln  ->  Rn  and  o\  R+  x  Rn  x 
Rnxm  are  piecewise  continuous  vector-valued 
functions  with  f(t,  0)  =  cr(t,  0,0)  =  0,  t  E  R+,  and 
ensuring  the  existence  and  uniqueness  of  (1).  One 
may  refer  to[9,10]  for  the  results  on  the  existence  and 
uniqueness  of  solutions  of  impetuous  stochastic 
system. 

The  solution  x(t)  =  (x^t),  ...,xn(t))  is  a  PB  - 
valued  stochastic  process. 

w(t)  =  (uqCt), ... ,  wm(t))  is  an  m-dimensional 
Brownian  motion  defined  (Q,  ■$,  P). 

Definition  2.1 

The  trivial  solution  of  (1)  is  said  to  be  globally  mean 
square  asymptotically  stable  if  for  any  given  initial 
condition  0  G  PB^o[[— t,  0],  Rn]  such  that 

lim  E|x(t,  t0, 0)|2  =  0. 

t— >  00 

Definition  2.2 

The  trivial  solution  of  (1)  is  said  to  be  globally  mean 
square  exponentially  stable  if  there  exist  constants 
A  >  0  and  k  >  1  such  that  for  any  solution  x(t)  with 
the  initial  condition  0  G  PB^o[[— t,  0],Rn], 

lE|x(t)|2  <  k ||0 1|^2 e~x^~to\  t  >  t0. 

3.  Main  results 

In  this  section,  we  will  first  projecting  an 
impetuous  differential  inequality  with  delays  and  then 
investigate  the  mean  square  stability  of  (1)  by 
employing  the  obtained  impetuous  differential 
inequality,  and  stochastic  analysis  technique.  It  is 
shown  that  an  unstable  stochastic  delays  system  can 
be  successfully  stabilized  by  impetuous. 

Theorem  3.1 

Let  q  >  0,  and  X(t),  T(t)  G  PB[[t0, 00), R]  be  a 
solution  of  the  following  impetuous  delay  differential 
inequality  with  the  initial  condition  A(t),  T(t)G 
PB,  —t  <  s  <  t0, 
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A(t)  =  h(t)A,  h(t)  G^JG  Rnxn.4  e  Rnxn 
r(t)  <  r,  r  is  a  constant,  and 
moment  tfc(/c  G  N)  satisfy 
lim 
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rD+X(t )  <  h(t)[-PX(t)  +  q[X(t)]T],  t*tk,t>t0 

■  X(tk)  <  akX(tk ),  0  <  ak_t  <  l,k  G  N, 

^X(t0  +  s)  =  0(s)  6  PR[[— t,  0],R]  —  r  <  s  <  0 

+ 

'D+Y(f)  <  h(t)[-PY(t)  +  q[F(t)]T],  t*tn,t>t0 

■  Y(tn )  <  F(tn),  0  <  £):„_!  <  l,n  G  N, 

Y(t0  +  s)  =  0(s)  G  PB[[— x,  0],R]  —  t  <  s  <  0 

(2) 

Where  h(t)  G  Assume  that  the  following 
condition  is  satisfied 

{~p  +  ^tr)  (4-1/i(s)ds)  + 

(“P  +  (//„”,  ^(s)ds)  <  ~Inak_  i  -  /nan_i  , 

k  G  N.  (3) 

Then  there  exist  a  constant  M  >  1,  G  >  1  and  a  small 
enough  number  A  >  0,  p  >  0  such  that 

X{t)  +  Y(t)  < 

H<pllMe~Af'oHs)ds  +  ll(PllGe~df'oHs)ds,  t  >  t0 

(4) 

Where  ||0||  =  sup_T<s<o|0(s)|,  and  the  constants 
A  >  0,  p  >  0  satisfies  the  following  inequality 

(2A  -  p + ^7)  (C,  ^(s)ds) + (2p  - p + 

7” — )  (/^  h(.s)ds )  <  —Inak_1  —  lnan_1 ,  k  G 
N%GN.  (5) 

Proof 

We  shall  show  that 
X(t)  +  Y(t )  < 

||0||Me"AJto*(s)ds  +  ||0||Ge~M/to*(s)ds  ,  t  G 
[tfc-i,  tfc),  fcGN&te  [tn_lf  t„),  n  G 
N.  (6) 

By  using  the  continuity,  from  (3)  we  know  that  there 
must  there  must  exist  a  positive  constants  A  and  p 
such  that  for  all  (5)  holds. 

Let  y  =  supfeeN{ - }  >  1  and  S  = 

ak- 1 

\ 

suPne\ j{ - }  >  1  in  (5),  then  we  can  select  constant 

an- 1 

r]  >  0,  p  >  0  such  that  for  all  k  G  N,  n  G  N. 


—2 p  +  yqeXH  +  8qe^H  <  — Ina fc_x  —  Ina^-^.k  G 
N,  n  G  N.  (7) 

And 

07  +  2)  A(s)ds)  +  (p  +  p)  A(s)ds)  < 

— /nafc_!  —  Inan-1  <  Iny  +  7n<5  (8) 

From  (8)  we  can  choose  M  >  1,  G  >  1  such  that 

1  <  +  e(P+^S^h(s)ds  <  M  +  G  < 

J^1  ^(s)dsg(?7+A)  ftCQL  h(s)ds  + 
gePH-(p+id)  J^1  h{s)ds e(p+p)  h(s)ds  ^ 

It  then  follows  that 

11011  <  ||0||e^o1/Ks)ds  +  ||0||ep/to*(s)ds 

<  ||0||Me-A/i1/i(s)ds 

+  ||0||Ge_ftJto1/!(s)ds  (10) 

We  first  prove  that 

X(t)  +  Y (t)  < 

||0||Afe"A/toA(s)ds  +  ||0||Ge~p/*o*(s)ds  ,  tG 

[to.tr)-  (11) 

To  do  this,  we  only  to  prove  that 

*(t)  +  no  t 

<  ||0||Me-A^o1/,(s)ds 

+  ||0||6e“M/toHs)ds  (12) 

If  (12)  is  not  true,  by  (10),  then  there  exists  some 
t  G  (t0,  ty)  such  that 

A(f)  +  Y(t)  >  \\<t>\\Me~A^Ks)ds 

+  ||0||Ge-Mji1/l(s)ds 

>  WHe71 tih(s)ds  +  \\<P\\eptih(s)ds 

>  11011  >  u(t0  +  s),  S  G  [  T,  0] 

(13) 

Which  implies  that  there  exists  some  t*  G  (t0,  t)  such 
that 

A(t*)  +  F(t*)  = 

||0||Me”AJ'o,*Cs,‘fc  + 

and  X(t)  +  Y(t)  <  X(t*)  +  Y(t*),  t  G  [t„  -  t,  t*] 
(14) 
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And  there  exists  t**  G  [t0,  t*)  such  that 

A(t**)  +  F(t**)  =  ||0||,  and X(t**)  +  F(t**)  < 
X(t)  +  Y(t )  <  X(t*)  +  T(t*),  t  G  [t**,  t*]. 

(15) 

Hence,  we  get  for  any  s  G  [— r,  0], 

V(t  +  s)  +  Y  (t  +  s) 

<  UWMe-*1**’)*  +  mGe-“l>^ds 

<  /!(s)dse(?j+A)  h(s)ds 

+  \\(p\\SedH~(p+fl)  t  /i(s)dse(p+M)  t A(s)ds 
=  yeAHX(t**)  +  Se^Y  <  yeA//V(t)  +  8e^HY{t), 
tE[t**,t*].  (16) 

Thus,  by  (7)  and  (16),  we  have 

D+X(t)  <  A(t)[-pX(t)  +  <?[X(t)]T]  <  A(t)[-p  + 
yqeAH]V(t)  <  h(t)(j]  —  X)X(t),  t  G  [t**,  t*]  + 
D+Y(t)  <  h(t)[-pY(t)  +  q[Y(t)]r] 

<  h(t)[—p  +  5q,e^H]T(t)  <  h(t)(p  —  ju)F(t),  t  G 
[t**,t*]  (17) 

It  follows  from  (10),(14)  and  (15)  that 

X(t*)  +  Y(t *)  <  A(t**)e(^_A)^*a(s)ds  + 
F(t*>(^)£*/j(s)ds  <  WQWe1  {toh(s)ds  + 
H0||eP/t>(5)ds  <  11011^-^5^  + 
||0||Ge_pJto1/i(s)ds  =  A(t*)  +  F(t*) 

(18) 

Which  is  contradiction.  Hence  (12)  holds  and 
then  (6)  is  true  for  k  =  1.  Now  we  assume  that  (6) 
holds  for  k  =  1,2, ... , m(m  G  N ,m>  1), 

X(t)  +  F(t)  < 

\\<P\\Me~X^Ks)ds  +  ||0||Ge'M/toHs)ds,t  G 
[ffc-i’  f/c)» 

k  =  1,2, 

(19) 

Next,  To  find  equation  (6)  holds  for  k  =  m  +  1, 

(t)  +  F(t)  £ 

U\\Me~xS'oKs)ds  +  ||0||Ge~M/*o*(s)ds  ,  t  G 

(20) 


For  the  reasons  of  contradiction,  suppose  (20)  is  not 
true.  Then  we  define 

t  = 

inf{t  G  [tm,tm+1)\X(t)  +  F(t)> 

||0||Afe"Aj*oA(s)ds  +  ||0||  Ge~p^h(s)ds}. 

(21) 

By  (8)  and  (19),  we  have 

X(tm)  +  Y(tm ) 

<  am||0||Me-A;'.”*(sWs  +am||0||Ge-'‘/'om"(s),ls 

i  d  ftm+1  Ks)ds  .I  ,  I.  „  ~dft  h(s)ds 

+  ame  Jtm  ||0||Ge  t0 

<  ||0||Me-A/toA(s)ds 

+  ||0||Ge_ft^o/!(s)ds,  (22) 

And  so  t  =£  tm.  By  utilizing  the  continuity  of 
X(t)  +  Y(t)  in  the  interval  [tm,  tm+1),  we  get 

X(t)  +  F(t)  = 

\\(P\\Me~Xf'ohis)ds  +  \\(f)\\Ge~d^oKs)ds,and  X(t)  + 
Y(t)<X(t)  +  Y(t),  tE  (23) 

From  (22),  we  know  that  there  exist  some  t*  G  ( tm ,  t) 
such  that 

X(t*)  +  F(t*)  = 

A  J.tm+1  /j(s)ds  I.  ,  M  ..  h(s)ds  . 

ame  tm  ||0||Me  + 

j£m+i  /,(s)c(s  I.  ..  -dft  h(s)ds 

ame  m  ||0 1|  Ge  Jfo 

and  X(t*)  +  F (t*)  <  X(t)  +  F(t)  < 
A(f)  +  F(f),  tG[tm,t], 

(24) 

On  the  other  hand,  for  any  t  G  [t*,  t]  ,s  G 
[— r,  0],  either  t  +  s  G  [t0  —  r,  tm)or  t  +  s  G  [tm,  F|. 
Two  cases  will  be  discussed  as  follows.  If  t  +  s  G 
[t0  —  r,  tm),  from  (19), we  obtain  X(t  +  s)  + 

Y(t  +  s)<  ||0|| Me_A/to*(s)dse-A/t+s*(s)ds  + 
||0||Ge-^i,!(s)dse-M/tt+sHS)dS  < 

\\(j)\\Ge~d^oh(s)dsePH 

<  ||0|| eXHeXf%+lKs)dsMe-Xft°Ks)ds  + 
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II0H  e^C+lA(s)^Ge-<*(s)ds  (25) 
if  t  +  s  G  [t^,  t],  form  (23),  then 

X(t  +  s)  +  Y(t  +  s)  =  ||0||Me-AJtoHs)ds  + 

||0||Ce"M/to*(s)ds  < 

||0||e^eAC+1/!(s)dsMe“Aj‘o/,(s)ds  + 

||0|| e^e#t/‘m+1*(s)dsCe",t;‘o*(s)ds  (26) 

In  any  case,  from  (24)-(26),  we  all  have  for  any 
s  G  [  t,  0], 

pAH  pliH 

c[X(t  +  s)  +  Y(t  +  s)]  <  —X(t*)  +  - — y(t*)  < 

yeAHX(t)  +  SepHY(t),  t€[t*,t\, 

(27) 

Finally,  by  (7)  and  (27),  we  all  have 

D+[X(t)  +  T(t)]  <  h(t)[(ri  -  X)X(t)  + 
p-juVt.  (28) 

It  follows  from  (8),  (23)  and  (24)  that 

X(t)  +  Y(t) 

<  ^(t*)e(77_/l)/t*/!Wds 

+  Y  ft* h(s)ds 

<  e~^+» C+1  Ks)dse A/t^+1  A(s)d5 1|^ ||Me-A A(s)d5 

+  ~(p+p) ftT1 h^dsen f£+1 h(s)ds  ||  0 1|  g 

<  ||0||Me“A/to/i(s)ds+  ||0||Ge"M/to*(s)ds 

=  *(t)  +  T(t)  (29) 

Which  is  a  contradiction.  This  implies  that  the 
assumption  is  not  true,  and  hence  (6)  holds  for 
k  =  m  +  1.  Therefore,  by  some  simple  mathematical 
induction,  we  can  obtain  that  (6)  holds  for  any  k  G  N. 
This  completes  the  proof  of  theorem. 
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